We deliver the general conditions on the synthetic proportions for a homogeneous mixture of ferro-and nonmagnetic substances to become lefthanded. As an alternative for left-handed metamaterials, we consider mixing ferromagnetic materials with nonmagnetic microscopic particles. In the mixture, the ferromagnetic material provides the needed permeability via domain wall resonances at high frequencies, whereas the nonmagnetic material gives the required permittivity. Using the effective medium theory, we have found that when the concentration of the nonmagnetic particles falls into a certain range, the refractive index of the mixture is negative, n < 0, which includes the double negative ( < 0 and μ < 0) and other cases (e.g. < 0 and μ > 0). We finally give the requirements on the microscopic material properties for the ferromagnetic materials to reach the domain wall resonances at high frequencies. The general character in a left-handed material is that the relative electrical permittivity and magnetic permeability μ are simultaneously negative [1] [2] [3] . The immediate consequence of this characteristic is that the refractive index n becomes negative, as do the phase velocity v p as well as the wavevector k for a travelling electromagnetic wave for which the energy flow, as indicated by the Poynting vector S, remains positive. Since the phase velocity and the energy 0953-8984/07/072203+07$30.00
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In recent times, research activities on the so-called left-handed materials have intensified [1] [2] [3] after a number of experimental demonstrations of the property of negative refraction with artificially fabricated metamaterials [4] [5] [6] [7] [8] .
The general character in a left-handed material is that the relative electrical permittivity and magnetic permeability μ are simultaneously negative [1] [2] [3] . The immediate consequence of this characteristic is that the refractive index n becomes negative, as do the phase velocity v p as well as the wavevector k for a travelling electromagnetic wave for which the energy flow, as indicated by the Poynting vector S, remains positive. Since the phase velocity and the energy flow go in the opposite directions, materials with negative refractive index are also called lefthanded materials [1] .
Due to the left-handedness (and thus the negative refractive index), the new materials are able to generate a few peculiar phenomena, such as the reverse Doppler shift and Cerenkov radiation and the negative refractive angle according to Snell's law [1] [2] [3] 9] . Among others, the most researched property so far is the negative refractive angle. In particular, negative refraction has been taken as the fingerprint of left-handed material in various experiments and computer simulations [4] [5] [6] [7] [8] 10] . In addition, negative refraction enables light focusing to be realizable using a flat plate [1] . Furthermore, it has recently been claimed that this focusing can be perfect, as the evanescent fields may be amplified by the left-handed plate so that the diffraction limit associated only with the propagating waves would be overcome [2] .
Unfortunately, no left-handed media has ever been found in materials in nature, which has resulted in a long silence on this subject for several decades. The main difficulty is that, while most metallic and semiconductor materials do have negative permittivity below the plasmon frequency, materials with negative permeability are rare. Therefore, researchers have resorted to artificial metamaterials [11] [12] [13] [14] . The idea is to generate a resonant magnetic response by means of periodic microscopic resonators [2] . At the resonance, one side of the spectral peak may show significant negative permeability. If the μ r < 0 area is coincident with the r < 0 area, within this frequency range the material becomes left-handed. So far, left-handed metamaterials have been realized in the microwave range. For the optical range, the fabrication of metamaterials becomes more complicated and difficult.
The left-handed metamaterials have a few shortcomings. Among others, metamaterials cannot be mass produced and are restricted from high frequencies. Therefore, researchers have been looking for alternatives, primarily a mixture of different substances. For examples, it was recently proposed to make use of metallic magnetic composites under external magnetic field [15] , ferromagnetic superconductor superlattices [16] , arrays of Josephson conjunctions [17] , and nonmagnetic two-component media [18] , etc.
In the present communication, we report our finding that in a homogeneous mixture of ferromagnetic materials with microscopic nonmagnetic particles, the refraction can be negative. In the mixture, the ferromagnetic material provides the needed permeability via the domain wall resonances, whereas the nonmagnetic material gives the required permittivity. Using effective medium theory, we have found that when the concentration of the nonmagnetic particles falls into a certain range, the refractive index of the mixture is negative, n < 0, which includes the double negative ( < 0 and μ < 0) case for both passive components and other cases for lossy materials [19] and more cases of lossy and gain materials (e.g. < 0 and μ > 0 etc) [20] . For the domain wall resonances, we have delivered the requirements on the microscopic properties of the ferromagnetic materials.
In looking for the possible negative permeability in ferromagnetic materials, one pays attention to the resonances in the magnetic responses at high frequencies. The possible resonance structures in the permeability stem from the resonance of domain wall motion and the natural resonance. Only the resonance of domain wall motion may show negative susceptibility (χ < 0) and permeability (μ < 0). In ferromagnetic materials, there are lots of magnetic domains with different magnetic moments. The magnetic domains are separated by the domain walls. When the materials are doped with nanometric nonmagnetic particles, the particles are distributed along the domain wall. The domain walls are mobile and may vibrate near the equilibrium positions. If the frequency of the external magnetic field is equal to the eigenfrequency of the domain wall motion, then the resonance occurs, which is called the domain wall resonance.
The domain wall motion is an intrinsic property of magnetic materials. The motion involves the following main energy channels. The static magnetic energy decreases after a distance z as E static = −2μ 0 M s H e z, where M s is the saturation magnetization intensity, H e the external AC magnetic field, and μ 0 the permeability in vacuum. The domain wall energy increase is related to the separation a of the impurities on the domain wall by E wall = 2 ), where m w is the effective mass of unit area domain wall, a 0 is the lattice constant of the cubic crystal, s is the spin quantum number, γ 0 is the gyromagnetic ratio, and A is the exchange integral constant among the close lattice dots. The eddy current loss is related to the electrical resistivity ρ as
With the harmonic driving field H e = H m e iωt , one solves the equation to get the displacement
Considering the change of magnetization intensity induced by the domain wall motion for a cubic domain of size l as M = 2M s z/l, and the relation between the susceptibility and the field M = χμ 0 H e , one finally has
with the following definitions: static (ω = 0) susceptibility In figure 1 , a typical resonance structure in the susceptibility is shown with both the real and imaginary curves. It may be seen that in the right-hand side of the resonance, the real curve has a negative range. One goes on to obtain the magnetic permeability via μ = 1 + χ as
According to the effective medium theory, one gets the generalized permeability from the two components, μ 1 = μ 1 +iμ 1 (the permeability of the ferromagnetic material) and μ 2 = μ 2 +iμ 2 (the permeability of the doped nonmagnetic particles) as
which defines the relation between the permeability μ and the nonmagnetic material concentration p. In order to have a negative permeability, i.e. μ < 0, from equation (5) one further gets the following condition: The condition in equation (6) is for the real part of the permeability to become negative and is obtained with the assumption that the nonmagnetic material has μ 2 = μ 2 + iμ 2 = 1. A numerical example is presented in figure 2 with the parameter μ 1 = μ 1 + iμ 1 = −3 + i, where it is shown that the low concentration starting from p < 0.626 can have negative permeability μ < 0. Similarly, one can apply the effective medium theory to obtain a generalized permittivity from the two components 1 = 1 + i 1 and 2 = 2 + i 2 , i.e.
which defines the relation between the permittivity and the particle concentration p. In order to have a negative permittivity, i.e. < 0, one can readily get a condition similar to equation (6) . However, for a ferromagnetic medium such as ferrite, the material is generally also a dielectric medium 1 > 0 and 1 ≈ 0. Considering the extra limits, one finally has
In figure 3 we give also a numerical example for the electric permittivity with parameters 1 = 2 and 2 = −4 + i. One realizes that the permittivity does go negative for higher concentration p > 0.124. So far, we have obtained two conditions in equations (6) and (8) for μ < 0 and < 0 simultaneously, and both conditions are related to the concentration p. In order to have a general correlation between the expressions in equtions (5) and (7) [20, 21] . It follows immediately that, for notation n = n + ik, the real and imaginary parts of the refractive index can be calculated for both positive and negative cases,
with the restrictions on the two angles 0 < α < π and 0 < β < π.
Let us now perform a sample calculation for the expressions defined by equation (9) with the following parameters: μ 1 = −3 + i, μ 2 = 1, 1 = 2, and 2 = −4 + i. The calculated results are presented in figure 4 . Figure 4 shows the refractive index as a function of concentration p. One can see that, for n < 0, the concentration has to be 0.019 < p < 0.792. However, within this range, only the central part 0.124 < p < 0.626 satisfies the so-called double negative case, < 0 and μ < 0. The smaller range 0.019 < p < 0.124 corresponds to negative refraction under > 0 and μ < 0, while the range 0.626 < p < 0.792 corresponds the negative refraction under < 0 and μ > 0. These extended ranges for negative refraction have been discussed elsewhere [19, 20] . Even within the central range of the double negative case 0.124 < p < 0.626, there are areas where the imaginary part is larger than the real part, which may cause confusion for the pure effects of refraction. In order to avoid a strong imaginary part, the concentration should be within a narrower range, 0.187 < p < 0.581. This is the range where the refractive index is negative, while the imaginary part stays relatively small, |n| > k.
The above analysis demonstrates a general route for mixing two materials, for instance one μ < 0 and the other < 0 at the microscopic level, so that the composite material has a negative refractive index providing that the synthetic proportion falls in a specific range. It is well known that metallic medium has a frequency range for < 0. A ferromagnetic medium also has a range for μ < 0 at high frequencies [22] 3 . This negative range stems from the domain wall resonance. In what follows, we further analyse the material properties of ferromagnetic materials to find the appropriate requirements for μ < 0. We first look for the minimum susceptibility χ min . From the expression in equation (3), one realizes that the minimum real susceptibility occurs when ω t /ω r 1 and ω ≈ ω r (1 + ω r /2ω τ ). In this approximation, one obtains χ min ≈ − 1 2 χ 0 ω τ /ω r . Therefore, for the real permeability to be negative μ < 0, the following condition holds:
If we replace the variables in the above expression with microscopic material parameters, we further have √
Therefore it is generally preferable to choose a material with large resistivity, while the size of the domain should be small. As we have shown in figure 4 , there are extended possibilities for producing negative refraction for μ > 0. In addition, in order to further increase the resonance frequency ω r , one has to increase the resistivity of the material ρ and meanwhile reduce the saturation magnetization intensity, M s .
In conclusion, we have studied the possibility of obtaining materials with negative refraction by means of mixing ferromagnetic materials with nonmagnetic microscopic particles. We have found that, when the concentration of the metallic particles falls into a certain range, the refractive index of the mixture is negative, n < 0, which includes the double negative ( < 0 and μ < 0) and other cases (e.g. < 0 and μ > 0). We finally give the requirements on the microscopic material properties for the ferromagnetic materials to reach the domain wall resonances at high frequencies.
